An Additivity theorem for cobordism categories by Steimle, Wolfgang
AN ADDITIVITY THEOREM FOR COBORDISM CATEGORIES
WOLFGANG STEIMLE
Abstract. Using methods inspired from algebraic K-theory, we give a new
proof of the Genauer fibration sequence, relating the cobordism categories
of closed manifolds with cobordism categories of manifolds with boundaries,
and of the Bo¨kstedt-Madsen delooping of the cobordism category. Unlike the
existing proofs, this approach generalizes to other cobordism-like categories of
interest. Indeed we argue that the Genauer fibration sequence is an analogue,
in the setting of cobordism categories, of Waldhausen’s Additivity theorem in
algebraic K-theory.
1. Introduction
There are various reasons to investigate cobordism-like categories of mathemati-
cal objects which cannot be decomposed using transversality. The following exam-
ples are under current investigation:
(i) The h-cobordism category [12],
(ii) Cobordism categories of manifolds equipped with a metric of positive scalar
curvature [4],
(iii) The cobordism category associated to a Waldhausen category [11], whose
homotopy type has been shown to agree, up to degree shift, with the
algebraic K-theory space from [16].
(iv) Cobordism categories of Poincare´ chain complexes in the sense of Ranicki,
and more generally of stable∞-categories equipped with a non-degenerate
quadratic functor [1], which will be shown to give rise to real algebraic K-
theory.
The homotopy types of these cobordism categories are not known to be de-
scribed by Thom spectra, and can hardly, if at all, be computed. For this reason,
it is important to have theorems available that at least compare the homotopy
types for various inputs. This program has been successfully implemented in alge-
braic K-theory, where Waldhausen’s additivity theorem [16] is probably the most
fundamental theorem of this kind.
In this paper we formulate and prove a “local-to-global principle” designed to
produce homotopy fiber sequences of cobordism-like categories, and hence long
exact sequences on their homotopy groups. Roughly, it states that under certain
assumptions, pull-back squares
D′ ×D C //

C
P

D′ F // C
of (not necessarily unital, but “weakly unital”) categories geometrically realize to
homotopy pull-back squares of spaces; the key assumption here is that morphisms
in the target of P can be universally lifted through P in a specific sense, formalized
by the notion of cartesian and cocartesian fibration.
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Then we apply this local-to-global principle in the setting of classical cobordism
categories cobd of [5] and its version with boundaries cobd,∂ of [6] (actually, possibly
with higher corners and tangential structures, see section 4). It will turn out that
in this case we recover the following theorem, due to Genauer [6]:
Theorem 1.1. There is a homotopy fibration sequence
(1.2) Bcobd → Bcobd,∂ B∂−−→ Bcobd−1,
where the functor ∂ takes the boundary.
In his proof of this result, Genauer first determined the homotopy type of the
middle term of (1.2) in analogy to the computation for the left and right hand term
of [5], and the fibration sequence follows from the fibration sequence
MT (d)→ Σ∞+ (BO(d))→MT (d− 1)
of Thom spectra from [5, (3.3)]. In contrast, our method does not yield, nor require,
knowledge of the homotopy types of any of the terms in the fibration sequence.
In Waldhausen’s approach to algebraic K-theory, the Additivity theorem implies
that the K-theory space can be delooped by iterating the S•-construction. Sim-
ilarly, we formally deduce from the local-to-global principle the following result,
which is due to Bo¨kstedt-Madsen [2] (see section 5 for more details):
Theorem 1.3. Bcobd has a (usually non-connective) delooping whose j-th term is
the classifying space of the d-dimensional (j + 1)-tuple cobordism category.
A virtue of the local-to-global principle is that it has interesting consequences
in the various situations considered above. As will be shown in [1], it leads to
an additivity theorem for real K-theory in the setting of stable ∞-categories; it
will also be shown in that paper that we recover, from the local-to-global princi-
ple, Waldhausen’s Additivity theorem for the algebraic K-theory of stable infinity
categories.
In joint work with George Raptis we will use the local-to-global principle to con-
tinue our study of the homotopy type of the h-cobordism category and its relation
to algebraic K-theory, initiated in [12]. Finally, as Johannes Ebert informs me,
the local-to-global principle applies in [4] in the context of (ii), in which case it
compares the cobordism category of p.s.c. metrics with the usual one.
I am grateful to Thomas Nikolaus for pointing out to me a generalization of
the local-to-global principle, in the setting of simplicial sets, that implies Quillen’s
Theorem B (see Theorem 3.6).
2. The local-to-global principle
Let us now formulate the local-to-global principle, first in the setting of (not
necessarily unital) topological categories. A more general version for semi-Segal
spaces will be given afterwards. It will be derived, in the next section, from an
analogous statement in the setting of simplicial sets which we formulate at the end
of this section.
Let us recall that a (small, non-unital) topological category C consists of the da-
tum of two topological spaces ob(C) and mor(C), two continuous maps s, t : mor(C)→
ob(C) (called source map and target map), and a continuous map ◦ : mor(C)×ob(C)
mor(C)→ mor(C) over ob(C)× ob(C) (called composition map) which satisfies the
usual associativity law.
A morphism f : c → d (i.e., f ∈ mor(C) such that s(f) = c and t(f) = d) in a
topological category C is called an equivalence if for any t ∈ ob C, the maps
f ◦ − : C(t, c)→ C(t, d) and − ◦f : C(d, t)→ C(c, t)
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are weak homotopy equivalences. A topological category is weakly unital if any
object is the target of an equivalence. (This is equivalent to the condition that any
object c allows a weak unit, that is, an equivalence u : c → c such that u ◦ u ' u
in C(c, c), compare the proof Lemma 3.11 (iv).) A (continuous) functor F : C → D
between weakly unital topological categories is called weakly unital provided F
preserves equivalences (equivalently, sends weak units to weak units). A unital
category is weakly unital, because then the identity map on an object is a weak
unit; similarly a unital functor is weakly unital, because any weak unit of c is
homotopic to idc in C(c, c).
The nerve of a topological category is the semi-simplicial space N•C whose n-
simplices are the n-strings of composable morphisms in C.
Definition 2.1. Let P : C → D a continuous functor.
(i) P is a level fibration if it is a (Serre) fibration on each level of the nerve.
(ii) P is a local fibration if both maps
(P, s, t) : mor C → morD ×obD×obD (ob C × ob C),
P : ob C → obD
are fibrations. C is locally fibrant if the unique functor C → ∗ is a local
fibration, that is, if the source-target map
(s, t) : mor(C)→ ob(C)× ob(C)
is a fibration.
(iii) A morphism f : c→ c′ in C is P -cartesian if for all t ∈ ob C, the following
commutative square is a homotopy pull-back:
(2.2) C(t, c) f◦− //
P

C(t, c′)
P

D(P (t), P (c)) P (f)◦−// D(P (t), P (c′)),
(iv) P is a cartesian fibration if for any morphism g : d→ d′ and any c′ ∈ ob C
such that P (c′) = d′, there is a P -cartesian morphism f : c→ c′ such that
P (f) = g.
(v) P is a cocartesian fibration if P op : Cop → Dop is a cartesian fibration.
Remarks. (i) A local fibration is a level fibration.
(ii) If P is a local fibration, then all induced maps C(c, c′) → D(P (c), P (c′))
between morphism spaces are fibrations.
(iii) If C and D are discrete and unital categories, then the above notion of
(co-)cartesian fibration agrees with the usual notion of (co-)cartesian (or
Grothendieck) fibration.
Theorem 2.3 (Local-to-global principle). Let
D′ F−→ D P←− C
be a diagram of weakly unital, locally fibrant topological categories and weakly unital
maps. If P a level, cartesian and cocartesian fibration, then the pull-back diagram
D′ ×D C //
P ′

C
P

D′ F // D
geometrically realizes to a homotopy pull-back diagram of spaces.
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Here D′ ×D C denotes the pull-back in the category of topological categories,
explicitly given by the pull-back on object and morphism spaces.
Remark 2.4. The condition on weak unitality cannot be dropped, as can be seen
by taking P the functor ∂ : cobd,∂ → cobd−1 in Genauer’s sequence (see section
4), and F the inclusion of the subcategory consisting of only the object ∅ and no
morphisms.
Generally, it requires some care to make the composition operation in the cobor-
dism category strictly associative, and for many perspectives it is easier and more
natural to view the cobordism category as a semi-Segal space.
Definition 2.5. A semi-Segal space is a semi-simplicial space C that satisfies the
Segal condition that for each n, the Segal map
Cn → C1 ×hC0 · · · ×hC0 C1
into the n-fold iterated homotopy pull-back is a weak homotopy equivalence.
A map of semi-Segal spaces is, by definition, a map of the underlying semi-
simplicial spaces.
We identify a topological category C with a semi-simplicial space, via the nerve.
With this convention, a locally fibrant topological category is a semi-Segal space,
with the Segal map being a homeomorphism into the actual pull-back.
Next we define a notion of P -(co-)cartesian morphism in a semi-Segal space C.
For σ ∈ Ck and n ≥ k, we denote by Cn/σ the homotopy fiber, over σ, of the map
Cn → Ck sending an n-simplex to its last k-simplex. With this notation, we define:
Definition 2.6. Let P : C → D be a map of semi-Segal spaces.
(i) A 1-simplex f : c → d in C (i.e., f ∈ C1 with d1(f) = c and d0(f) = d) is
called P -cartesian if the square
(2.7) C2/f d1 //
P

C1/d
P

D2/P (f) d1 // D1/P (d)
is a homotopy pull-back square. We denote by CP−cart1 ⊂ C1 the subset of
P -cartesian morphisms.
(ii) P is called cartesian fibration if the map
(P, d0) : CP−cart1 → D1 ×hD0 C0
into the homotopy pull-back is surjective on pi0. P is called cocartesian
fibration if P op : Cop → Dop is a cartesian fibration.
Remark 2.8. Let P : C → D be a map of locally fibrant topological categories.
(i) A morphism in C is P -cartesian in the sense of topological categories if
and only if it is P -cartesian in the sense of semi-Segal spaces.
(ii) If P is a cartesian fibration in the sense of topological categories, then it
is a cartesian fibration in the sense of semi-Segal spaces.
(iii) The converse of (ii) holds if P is a local fibration.
Proof. The space C1/d is equivalent to the space of all morphisms in C ending at d;
also C2/f is equivalent to the actual fiber of C2 → C1 over f , which agrees with the
space of morphisms ending at c. Under this equivalence the upper horizontal map
in (2.7) corresponds to the map given by composition with f . Similarly, the lower
horizontal map is equivalent to composition with P (f). Then the square (2.2) is
obtained from (2.7) by taking homotopy fibers, over t ∈ C0, along the first-vertex
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map. So (2.7) is homotopy cartesian if and only if (2.2) is homotopy cartesian for
all t ∈ C0. This shows (i).
Now, if P is a cartesian fibration in the sense of topological categories, then the
map
(P, d0) : CP−cart1 → D1 ×D0 C0
is surjective, hence pi0-surjective, and the pull-back on the right is a homotopy
pull-back, by local fibrancy of D. This shows (ii).
Finally, we note that CP−cart1 ⊂ C1 consists of entire path components. Therefore,
if P is a local fibration, the map (P, d0) in question is a fibration, and pi0-surjectivity
implies actual surjectivity. This shows (iii). 
Definition 2.9. Let C be a semi-Segal space and f ∈ C1. Then f is called equiv-
alence if it is both P -cartesian and P -cocartesian, for the unique map P : C → ∗
to the terminal object. We denote by C'1 ⊂ C1 the subspace of equivalences. C is
called weakly unital if the map
d0 : C'1 → C0
is surjective on pi0. A map of weakly unital semi-Segal spaces F : C → D is called
weakly unital if it preserves equivalences.
Remark 2.10. Let P : C → D be a map of locally fibrant topological categories.
(i) A morphism in C is a weak unit in the sense of topological categories if
and only if it is a weak unit in the sense of semi-Segal spaces.
(ii) C (resp., P ) is weakly unital in the sense of topological categories if and
only if it is weakly unital in the sense of semi-Segal spaces.
Proof. (i) is a special case of Remark 2.8, (i). Also,
d0 : C'1 → C0
is a fibration by local fibrancy and the fact that C'1 ⊂ C1 consists of entire path
components; so surjectivity of this map is equivalent to pi0-surjectivity. This shows
(ii) for C. The claim for P is a direct consequence of (i). 
Theorem 2.11 (Local-to-global principle, semi-Segal version). Let
D′ F−→ D P←− C
be a diagram of weakly unital semi-Segal spaces and weakly unital maps. If P a
level, cartesian and cocartesian fibration, then the (level-wise) pull-back diagram
(2.12) D′ ×D C //
P ′

C
P

D′ F // D
realizes to a homotopy pull-back diagram of spaces.
Finally, we give a version of the local-to-global principle in the context of sim-
plicial sets. Recall that a map p : X → Y between simplicial sets is called an inner
fibration if for every n > 1 and every 0 < i < n, every solid diagram
(2.13) Λni
incl

// X
p

∆n
σ
//
>>
Y
has a dotted diagonal lift. A 1-simplex f in X is called p-cartesian if every solid
diagram (2.13) has a dotted diagonal lift, provided i = n > 1 and the last edge of
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σ is f . p is a cartesian fibration if it is an inner fibration and if for every g ∈ Y1
and any lift c of d0(g) through p, there exists a lift f ∈ X1 of g through p such that
d0(f) = c; dually p is a cocartesian fibration of p
op is a cartesian fibration.
Theorem 2.14 (Local-to-global principle, simplicial set version). A cartesian and
cocartesian fibration P : X → Y between simplicial sets is a realization-fibration;
that is, for any map Y ′ → Y of simplicial sets, the pull-back diagram
Y ′ ×Y X //
P ′

X
P

Y ′ F // Y
realizes to a homotopy pull-back diagram of spaces.
3. Proof of the local-to-global principle
3.1. The simplicial set case. The proof in the simplicial set version is an easy
combination of two well-known results, the first of which says that simplicial (for-
ward) homotopies may be lifted along cocartesian fibrations.
Lemma 3.1. Let p : X → Y be a cocartesian fibration, and let J → I be an injective
map of simplicial sets. If in the solid commutative diagram
I × {0} ∪J×{0} J ×∆1
_

F0
// X
p

I ×∆1
F
55
f
// Y
the map F0 sends any edge (j, 0) → (j, 1) (for j ∈ J0) to a p-cocartesian edge,
then there exists a dotted lift F which keeps the diagram commutative, and which
in addition sends any edge (i, 0)→ (i, 1) (for i ∈ I0) to a p-cocartesian edge.
Proof. By induction and a colimit argument, it is enough to consider the case where
J → I is the inclusion of ∂∆n into ∆n. If n = 0, then such a lift exists by definition
of a cocartesian fibration. If n > 0, then this is [9, 2.4.1.8]. 
For P : X → Y , and a simplex σ : ∆n → Y of Y , we write X|σ := ∆n ×Y X.
Corollary 3.2. Let P : X → Y be a cocartesian fibration of simplicial sets. For
any simplex σ in Y , with last vertex `(σ), the inclusion map
X|`(σ) → X|σ
geometrically realizes to a weak equivalence.
Indeed, a simplicial homotopy inverse is obtained by lifting the standard simpli-
cial homotopy ∆n ×∆1 → ∆n that deforms the n-simplex to its last vertex, where
n = |σ|.
Corollary 3.3. Let P : X → Y be a cartesian and cocartesian fibration of simplicial
sets. Then, for any simplex σ of Y , the maps induced by inclusion of the first and
last vertex respectively,
X|i(σ) → X|σ ← X|`(σ)
realize to a weak equivalence.
Thus, the simplicial version of the local-to-global principle follows from:
Lemma 3.4. Let P : X → Y be a map of simplicial sets such that for each simplex
σ of Y , the inclusion maps Y |i(σ) → Y |σ ← Y |`(σ) realize to weak equivalences.
Then, P is a realization-fibration.
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Proof. This follows readily from [16, Lemma 1.4.B], which Waldhausen deduces
from Quillen’s Theorem B. We find it more transparent to give a direct proof as
follows (see also [13]): It is enough to show that for each y ∈ Y0, the inclusion of the
fiber X|y into the homotopy fiber is an equivalence. A colimit argument reduces to
the case where n = dim(Y ) <∞, and we prove this by induction on n.
The case n = 0 is trivial. For the induction step, we let Y (n−1) ⊂ Y the (n− 1)-
skeleton, and let X(n−1) := X ×Y Y (n−1). Then the map P is the map induced on
horizontal push-outs in the following diagram:
(3.5)
∐
i ∆
n ×Y X

∐
i ∂∆
n ×Y Xoo //

X(n−1)
∐
i ∆
n
∐
i ∂∆
noo // Y (n−1)
By inductive assumption applied to Y (n−1) and
∐
i ∂∆
n, the right square is a homo-
topy pull-back. To analyze the left square, we consider each summand separately
and further restrict along a first or last vertex ∆0 ⊂ ∆n:
X ×Y ∆0 //

X ×Y ∂∆n //

X ×Y ∆n

∆0 // ∂∆n // ∆n
In this diagram, the total square is homotopy cartesian by assumption and the left
one by induction hypothesis. Since every connected component of ∂∆n is hit by the
first or the last vertex, this shows that the right square is also homotopy cartesian.
Thus, both squares in (3.5) are homotopy cartesian. It follows (see [14, 1.7])
that also the square
X(n−1) //

X

Y (n−1) // Y
is homotopy cartesian, and we complete the proof of the inductive step by invoking
the inductive assumption. 
We close this section with a remark on the relation of this simplicial version
of the local-to-global principle to Quillen’s Theorem B. I am grateful to Thomas
Nikolaus for pointing this out to me.
By Corollary 3.2 we may define, for each 1-simplex f : c → c′ in Y , a fiber
transport
f∗ : X|c → X|f '←− X|c′
if p is a cocartesian fibration; dually a fiber transport
f∗ : X|c′ → X|f '←− X|c
if p is a cartesian fibration.
Theorem 3.6. Let P : X → Y be a map of simplicial sets. Suppose that P a
cocartesian fibration, such that for each 1-simplex f in Y , the fiber transport f∗
realizes to an equivalence. Then, P is a realization-fibration.
Of course, the same conclusion then holds if P is a cartesian fibration, such that
all fiber transports f∗ realize to weak equivalences; for the dual of a realization-
fibration is again a realization-fibration.
The proof of this Theorem consists in noting that the inclusions Y |f(σ) → Y |σ
are equivalences (by Corollary 3.2), but also for each 1-simplex σ of Y , the inclusion
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Y |`(σ) → Y |σ is an equivalence (by the hypothesis on fiber transport). But this
still implies the statement of Corollary 3.3, so that we may apply Lemma 3.4 just
as above.
Theorem 3.6 implies Quillen’s Theorem B [10] as follows: For an arbitrary functor
F : C → D between ordinary categories, we form a new category F/D as the pull-
back category
F/D //

D[1]
eval0

C F // D
Then the composite projection
F/D → D[1] eval1−−−→ D
is a cocartesian fibration, with fiber over d the translation category F/d; the fiber
transport along f : d→ d′ is homotopic to the canonical map F/d→ F/d′ induced
by postcomposition with f . If we assume that these maps all realize to weak
equivalences, then Theorem 3.6 implies that the canonical sequence
F/d→ F/D → D
realizes to a homotopy fiber sequence. On the other hand the projection
F/D → C
is a cartesian fibration over C, with contractible fibers f(c)/D, so that it realizes
to a weak equivalence again by Theorem 3.6. The projection F/D → D[1] defines
natural transformation in the triangle
F/D
}} !!C F // D
so that it becomes homotopy-commutative after realization. Therefore, for each
object d of D there is a fibration sequence
B(F/d)→ BC BF−−→ BD,
which is the conclusion of Quillen’s Theorem B.
3.2. The semi-Segal case. We deduce the semi-Segal, and hence the topological
version of the local-to-global principle, from the simplicial one. The main input
is the existence of simplicial structures from [15]. (Note that the free addition of
identity morphism, while preserving the homotopy type of the classifying space,
usually does not preserve (co-)cartesian morphisms.)
We start by recalling the concept of a Reedy fibration. For a semi-simplicial
space X, and a semi-simplicial set A, we denote
XA := lim
[n]→A
Xn,
where the limit runs over the category of simplices of A, in the semi-simplicial
sense. An equivalent description of XA is the mapping space from A to X, that is,
the set of natural transformations A → X, equipped with the subspace topology
of
∏
n map(An, Xn). With this notation, the canonical map Xn → X[n] is an
isomorphism, which we will view as an identification. (Here, and throughout this
section, we denote by [n] the semi-simplicial n-simplex, i.e., presheaf represented
by [n], and by ∂[n] ⊂ [n] its boundary.) Also, the construction XA is covariantly
functorial in X and contravariantly functorial in A.
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Definition 3.7. A map P : X → Y between semi-simplicial spaces is a Reedy
fibration if for all n, the map
Xn = X[n] → Yn ×Y∂[n] X∂[n]
is a fibration. X is Reedy fibrant if the map to the terminal object ∗ is a Reedy
fibration.
It is easily seen that the class of Reedy fibrations is closed under composition and
pull-back. Also, the standard techniques show that if P is a Reedy fibration, then
for all inclusions of semi-simplicial sets A→ B, the induced map XB → YB×YAXA
is a fibration.
Lemma 3.8. Any map P : X → Y can be factored into a level equivalence X → Xf ,
followed by a Reedy fibration Xf → Y .
Proof. If P : X → Y satisfies the Reedy condition up to simplicial degree n − 1,
then we define a new semi-simplicial space X ′ as follows: Choose a factorization
Xn
i−→' X
′
n
p−→ Yn ×Y∂[n] X∂[n]
of the Reedy map where i is the a weak equivalence, and p is a fibration. Letting
X ′k := Xk for k 6= n we obtain a new semi-simplicial space X ′; i and p induce
semi-simplicial maps I : X → X ′ and P ′ : X ′ → Y whose composite is P . By
construction, P ′ satisfies the Reedy condition up to degree n.
Now the claim follows by doing this construction iteratively, starting at n = 0,
and taking the colimit. 
The following result implies that applying Reedy fibrant replacement does not
destroy the hypotheses in the local-to-global principle.
Lemma 3.9. Let
C F' //
P

C′
P ′

D G' // D′
be a commutative diagram of semi-Segal spaces, with horizontal maps level equiva-
lences. Then:
(i) If one of P and P ′ is a weakly unital map of weakly unital semi-Segal
spaces, then so is the other.
(ii) If one of P and P ′ is a cartesian (resp. cocartesian) fibration, then so is
the other.
Proof. A 1-simplex in C is an equivalence if and only if its image under F is an
equivalence in C′. Since the subspace of equivalences C'1 ⊂ C1 is a collection of
path components, it follows that F induces an equivalence C'1 → (C′)'1 . Therefore,
under the hypotheses of the Lemma, there is a commutative diagram
pi0C'1
d0

F
∼=
// pi0(C′)'1
d0

pi0C0 F∼= // pi0C
′
0
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so C is weakly unital if and only if C′ is. Similarly, from the commutative diagram
pi0C'1
P

F
∼=
// pi0(C′)'1
P ′

pi0D1 G∼= // pi0(D
′)1
we deduce that P is weakly unital if and only if P ′ is. This proves (i). Part (ii) is
proven by a very similar argument which we leave to the reader. 
For later use, we record the following consequence:
Corollary 3.10. (Co-)cartesian fibrations are stable under level-wise homotopy
pull-back.
In fact, this follows directly from the definitions in case the the map under
question is also a Reedy fibration and the pull-back is strict; so the general case
follows from Reedy fibrant replacement and Lemma 3.9.
Now, the following allows to translate the weakly unital semi-Segal setting into
the setting of simplicial sets. We denote by (−)δ the functor from semi-simplicial
spaces to semi-simplicial sets that forgets the topology. We also note that the
notions of inner fibrations, (co-)cartesian edges, and (co-)cartesian fibrations make
perfectly sense for maps of semi-simplicial sets, as they are given by horn filling
conditions.
Lemma 3.11. Let P : C → D be Reedy fibration of Reedy fibrant semi-Segal spaces.
Then,
(i) P δ is an inner fibration between inner fibrant semi-simplicial sets.
(ii) If f ∈ C1 is P -cartesian (in the semi-Segal sense), then it is also P δ-
cartesian (in the quasicategorical sense).
(iii) If P is a (co-)cartesian fibration then so is P δ.
If, furthermore, C, D, and P are weakly unital, then
(iv) Cδ and Dδ admit simplicial structures such that P δ is simplicial. In more
detail, given any simplicial structure on Dδ, there exists a simplicial struc-
ture on Cδ such that P δ is simplicial.
(v) The canonical maps Cδ → C and Dδ → D realize to weak equivalences.
Proof. It follows from [15, 3.4] that the map Cn → Dn ×DΛn
i
CΛni is an acyclic
fibration of spaces for each 0 < i < n; therefore it is surjective. Hence P , and
equally P δ, have the right lifting property against all inner horn inclusions, so P δ
is an inner fibration. Applying this to the projection D → ∗ shows that Dδ is inner
fibrant. This shows (i). Part (ii) follows by the same reasoning from [15, 3.6]. To
see (iii), we note that
(P, d0) : CP−cart1 → C0 ×D0 D1
is a pi0-surjective fibration and therefore surjective, and remains surjective after
applying (−)δ, so that the claim follows from (i) and (ii).
Let us prove (iv). We first show that every object c of D admits a homotopy
idempotent self-equivalence, in other words, a two-simplex τ , all whose vertices are
c, and all whose faces agree and are equivalences. Indeed, since
d0 : D'1 → D0
is a pi0-surjective fibration, it is surjective, and there exists an equivalence f : d→ c
with target c. Then f is cocartesian for the projection D → ∗, and by part (ii)
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also cocartesian for Dδ → ∗, in the quasicategorical sense. We use this cocartesian
property of f to find a 2-simplex σ ∈ D2,
d
f
//
f

c
u
  
c
such that d1σ = d2σ = f . Now equivalence in semi-Segal spaces are easily seen to
satisfy the 2-out-of-3 property, so u := d0f is still an equivalence (in D, therefore
in Dδ again by part (ii)). Applying the cocartesian property once more, we obtain
a 3-simplex
d
f

f
))
f
--
c
u
//
u

c
u

c
whose first three faces are σ; its last boundary is then a simplex τ as required.
This shows that the semi-simplicial set Dδ fulfills the hypotheses of [15, Theorem
1.2] and we conclude that Dδ admits a simplicial structure.
Now, since P is weakly unital, any equivalence of C is both P -cartesian and
P -cocartesian. Applying the same argument as above in the relative situation, we
then see that any object c of C admits a 2-simplex, all whose vertices are c, and all
whose faces agree and are P -cartesian and P -cocartesian, and which maps under
P to the degenerate simplex on c, in the newly constructed simplicial structure.
Then it follows from [15, Theorem 2.1] that Cδ admits a simplicial structure such
that P δ is simplicial.
It remains to prove (v). By definition, D being Reedy fibrant means that each
diagram (0 ≤ i ≤ k, n ≥ 0) of semi-simplicial spaces
Λki × [n] ∪Λkk×∂[n] ∆k × ∂[n] //

D
∆k × [n]
44
has a dotted extension. This again means that the restriction map (of semi-
simplicial spaces)
map(∆k,D)→ map(Λki ,D)
has the right lifting property against all inclusions ∂[n]→ [n]. Since each inclusion
∆k → ∆k+1 may be obtained by filling in horns, it follows that evaluation at each
vertex
(3.12) map(∆k,D)→ map(∆0,D)
also has the right lifting property against the same set of inclusions. Now it follows
from Lemma 3.9 that (3.12) is a weakly unital map of weakly unital semi-Segal
spaces; by part (iv) it follows that the induced map
map(∆k,D)δ → map(∆0,D)δ
may be given a simplicial structure. This simplicial map then has the right lifting
property against all simplicial inclusions ∂∆n• → ∆n; therefore realizes to a weak
equivalence.
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In other words, the degree-wise singular construction S∗D is homotopically con-
stant in the ∗-direction, after realizing the semi-simplicial direction of D. It follows
that
|Dδ| = |S0D| → |S∗D| ' |D|
is an equivalence. This proves the claim for D; the same reasoning applies to C. 
Lemma 3.13. In the situation of Theorem 2.11, the (degree-wise) pull-back D′×DC
is a weakly unital semi-Segal space.
Proof. The target of the Segal map of the pull-back is
(D′1 ×D1 C1)×hD′0×D0C0 · · · ×
h
D′0×D0C0 (D
′
1 ×D1 C1).
Switching homotopy limits, this target becomes equivalent to
(D′1 ×hD′0 · · · ×
h
D′0 D
′
1)×hD1×hD0 ···×hD0D1 (C1 ×
h
C0 · · · ×hC0 C1)
and the Segal condition for the pull-back follows from the Segal conditions for the
three terms involved.
To verify the weak unitality, we first apply Lemma 3.8 multiple times as to
replace the diagram D′ → D ← C by a level equivalent diagram where all terms are
Reedy fibrant and all maps Reedy fibrations. These are still weakly unital maps of
weakly unital semi-Segal spaces by Lemma 3.9. Furthermore the pull-back of the
new diagram is level equivalent to the pull-back of the old diagram; so that it will
be enough to show that the pull-back of the new diagram is weakly unital, again
in view of Lemma 3.9.
It results from this discussion that we may assume that all terms are Reedy
fibrant and all maps Reedy fibrations. Let (d′, c) be a zero-simplex of the pull-back.
As shown in the proof of Lemma 3.11, (iv), there exist weak units (i.e., homotopy
idempotent self-equivalences) ϕ of d′ and ψ of c. Then the images F (ϕ) and P (ψ)
are weak units of F (d′) = P (c). But any two weak units of the same object are
homotopic through some homotopy H. Changing ψ by a homotopy obtained by
lifting H through the Reedy fibration P , we may assume that F (ϕ) = P (ψ) so that
(ϕ,ψ) defines a 1-simplex in D′ ×D C, which is easily seen to be an equivalence.
Therefore any zero-simplex of D′ ×D C is the target of an equivalence. 
Proof of Theorem 2.11. By Lemma 3.9, the hypotheses of the Theorem are invari-
ant under level-equivalences. Therefore, we may assume that all semi-simplicial
spaces are Reedy fibrant, and all maps are Reedy fibrations (else applying Lemma
3.8 multiple times).
Now, applying (−)δ level-wise at each entry, by Lemma 3.11 we obtain diagram
of semi-simplicial sets and inner fibrations,
Dδ F
δ
−−→ Cδ P
δ
←−− Cδ
where the right map is a cartesian and cocartesian fibration, and where all terms
can be given compatible simplicial structures so that all maps become simplicial.
By Theorem 2.14, the geometric realization of the pull-back diagram
(D′)δ ×Dδ Cδ //

Cδ
P δ

Dδ F δ // Cδ
is a homotopy pull-back. (Strictly speaking, this is the geometric realization of sim-
plicial sets, but this one is well-known to be equivalence to the geometric realization
of underlying semi-simplicial sets.) The identity function induces a natural trans-
formation, in the category of semi-simplicial spaces, from the above diagram to the
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diagram (2.12). It is an equivalence after realization in each term, by Lemma 3.11,
(v), where we note that the term D′ ×D C fulfills the assumptions of this Lemma
by Lemma 3.13. Hence, (2.12) is also a homotopy pull-back. 
4. Cobordism categories of 〈k〉-manifolds
In this section we use the concept of neatly embedded submanifolds in Rn〈k〉,
see Appendix A. Loosely, we define the d-dimensional cobordism category of 〈k〉-
manifolds as follows: An object is a compact M ⊂ R∞+d−1〈k〉 which is a smooth,
neat submanifold of dimension (d − 1). A morphism is a pair (W,a) of a > 0 and
a compact W ⊂ [0, a]×R∞+d−1〈k〉 which is a smooth neat submanifold of dimension
d. Such a (W,a) is viewed as a morphism from ∂−W := W ∩ {0} × R∞+d−1〈k〉 to
∂+W := W ∩{a}×R∞+d−1〈k〉 . Composition is given by stacking and adding the real
parameters.
Instead of giving this (non-unital) category a topology, we view this as the value
at [0] of a simplicial category cobd,〈k〉,•. In simplicial level n, an object is a fiber
bundle E → ∆n of smooth 〈k〉-manifolds, which is fiberwise δ-neatly embedded into
∆n × R∞+d−1〈k〉 , for some δ > 0. A morphism is a continuous map a : ∆n → (0,∞)
and a fiber bundle over ∆n of compact smooth 〈k+2〉-manifolds, fiberwise δ-neatly
embedded into ∆n × [0, a]× R∞+d−1〈k〉 for some δ > 0. Here we use the notation
[0, a]×X := {(t, x) ∈ R×X | 0 ≤ t ≤ a(pi(x))}
for a space X with a map pi : X → ∆n.
Details. By “fiber bundle E → B of smooth 〈k〉-manifolds” we mean a fiber
bundle with a reduction of the structure group to Aut(M), the group of neat
and allowable automorphisms of the typical fiber, with C∞-topology. A fiberwise
embedding from one bundle into another is fiberwise smooth and neat if, in local
charts, it is given by a continuous map to Emb(M,N), the space of neat and
allowable embeddings, with C∞-topology. (Compare Appendix A). Of course, the
reduction of the structure group for the bundle ∆n × [0, a] × R∞+d−1〈k〉 is given by
the unique chart ∆n × [0, 1]× R∞+d−1〈k〉 which rescales fiberwise by a.
The simplicial category cobd,• := cobd,〈0〉,• is a simplicial version of the usual d-
dimensional cobordism category, and cobd,∂,• := cobd,〈1〉,• is a simplicial version of
the d-dimensional cobordism category of manifolds with boundaries. We denote by
cobd,〈k〉 the topological category obtained from cobd,〈k〉,• by geometric realization
of objects and morphisms and by Bcobd,〈k〉 the its classifying space.
There is an obvious commutative square of functors
cobd,〈k〉
i1
//

cobd,〈k+1〉
∂1

cob∅ // cobd−1,〈k〉
where the upper horizontal functor is the inclusion
i1 : (M ;M1, . . . ,Mk) 7→ (M ; ∅,M1, . . . ,Mk)
(using a standard inclusion R → [0,∞) in the relevant coordinate) on objects
and morphisms, and the functor ∂1 takes the first boundary on objects and mor-
phisms. The lower left entry denotes the subcategory of cobd−1,〈k〉 on the empty
set and empty morphisms. Actually this is isomorphic to the topological semi-
group |S•(0,∞)| (the geometric realization on the singular construction on the
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space (0,∞), semi-group structure by addition). The lower horizontal functor is
the inclusion and the left vertical functor sends (W,a) to a.
Theorem 4.1. The above square realizes to a homotopy pull-back square. Since
Bcob∅ is contractible, we obtain a fibration sequence
Bcobd,〈k〉
i1−→ Bcobd,〈k+1〉 ∂1−→ Bcobd−1,〈k〉.
In the case k = 0 this yields the sequence from Theorem 1.1. — To prove this
theorem, we will verify the criterion of the local-to-global principle for the functor
∂1. First both cobd,〈k〉 and cobd−1,〈k−1〉 are weakly unital and ∂ is a weakly unital
functor, for M × [0, 1] is a weak unit of the object M in either category. The
subcategory cob∅d−1 of cobd−1 consists entirely of weak units in cobd−1 and is clearly
locally fibrant.
Next we show that cobd−1,〈k〉 is locally fibrant, that is, that the combined source-
target map of cobd−1,〈k〉 is a Serre fibration. Let W be a morphism of cobd−1,〈k〉.
As a consequence of Theorem A.1, the restriction map
Emb(W,R∞+d−1〈k〉 × [0, 1])→ Emb(M,R∞+d−1〈k〉 )× Emb(N,R∞+d−1〈k〉 )
is a Kan fibration. (Indeed, identifing R∞+d−1〈k〉 ×[0, 1] with R∞+d〈k+2〉−∂k+2∂k+1R∞+d〈k+2〉,
we can view W as a neat submanifold of R∞+d〈k+2〉. As such, we have a canonical
homeomorphism
Emb(W,R∞+d−1〈k〉 × [0, 1]) ∼= Emb(W,R∞+d〈k+2〉)
under which the restriction map above corresponds to restriction to Emb(M(A),R∞+d−1〈k〉 (A)),
with A ⊂ ∆k+2 the subcomplex generated by the last two faces.)
With S• the singular construction, we have a commutative square
(4.2)∐
[W ] |S•
(
Emb(W,R∞+d−1〈k〉 × [0, 1])× (0,∞)
)| //

∐
[M,N ] |S• Emb(M,R∞+d−1〈k〉 )| × |S• Emb(N,R∞+d−1〈k〉 )|

mor cobd−1,〈k〉 // ob cobd−1,〈k〉 × ob cobd−1,〈k〉
where the upper horizontal map is still a Kan fibration because both S• and | − |
preserve Kan fibrations. The vertical maps are Kan fibrations by letting G• =
S•Diff(W ) in the following criterion:
Lemma 4.3. Let G• be a simplicial group acting simplicially on a simplicial set
X•, with level-wise quotient simplicial set (X/G)•. Suppose that the action is free in
each simplicial degree. Then the projection map X• → (X/G)• is a Kan fibration.
Proof. Let x : ∆n• → (X/G)• be a simplicial map and y′ : (Λni )• → X• be a partial
lift. As Xn → (X/G)n is surjective, there is a lift y : ∆n• → X• of x. As G• acts
freely in each degree, there is a unique map g′ : (Λni )• → G• such that
y′ = g′ · y|(Λni )• .
Now any simplicial group is Kan so g′ extends to a map g : ∆n• → G•. Then g · y
is a lift of x restricting to y′. 
Moreover the vertical maps in (4.2) are surjective by definition. It is a formal
consequence that the lower horizontal map is a Kan fibration as well. This proves
that cobd−1,〈k〉 is locally fibrant. A very similar argument shows that the functor
∂1 is a local fibration, and hence a level fibration. Thus, to complete the proof of
Theorem 4.1, we are left to show:
Lemma 4.4. The functor ∂1 is a cartesian and cocartesian fibration.
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Figure 1.
Proof. We first show that it is a cocartesian fibration. Let (W,a) : M → N be
a cobordism between (d − 1)-dimensional 〈k〉-manifolds, and X a d-dimensional
〈k + 1〉-manifold so that ∂1X = N ; we will construct a ∂1-cocartesian lift of the
homotopic morphism W ′ := (N × [0, a]) ◦W starting at N . (By local fibrancy, it
follows easily the general existence of ∂1-cocartesian lifts.) Basically the cocartesian
lift is obtained by rearranging the boundary parts of the manifold [0, a]×(X∪MW )
as to obtain a morphism from X to X ∪M W with vertical boundary W ′.
More precisely, we let
B : R2+ → R2+
be a homeomorphism, which is a diffeomorphism except at (0, a) and (0, 0), such
that (see figure 1):
(i) B maps the different pieces of the boundary isometrically as displayed in
the picture.
(ii) B is cylindrical in a neighborhood of ∂R2+ − {(0, a), (0, 0)}
(iii) In a neighborhood of (0, a), B preserves the radial coordinate and scales
the angle by a smooth function
λ : [0, pi]→ [0, pi/2]
which is id on [0, pi/3] and id−pi/2 on [2pi/3, pi]. Similarly, a neighborhood
of (0, 0), B scales the angle by the inverse of λ.
(iv) The restriction of B to [a/2,∞)× R+ is translation by a to the right.
We call B the bending homeomorphism. It induces a bending homeomorphism
(denoted by the same letter)
B : R∞+d〈k+2〉 → R∞+d〈k+2〉
by applying B in the first two coordinates of the factor Rk+ and the identity in the
other ones.
Applying B−1 to the subspace X ∪W ⊂ R∞+d〈k+2〉 yields a subspace Y ⊂ R∞+d〈k+2〉
which happens to be a neatly embedded submanifold of 0× R∞+d−1〈k+1〉 .
Then C := B([0, a] × Y ) is a neat submanifold of [0, 2a] × R∞+d−1〈k+1〉 . Hence C
defines a morphism in cobd,〈k+1〉 and we claim that is indeed cocartesian. In other
words, we claim that for any object Z of cobd,〈k+1〉, with P := ∂1Z, the diagram
cobd,〈k+1〉(Y,Z)
−◦C
//
∂1

cobd,〈k+1〉(X,Z)
∂1

cobd−1,〈k〉(N,P )
−◦W ′
// cobd−1,〈k〉(M,P )
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is a homotopy pull-back. We prove the equivalent assertion that the induced map
on all vertical fibers
cobd,〈k+1〉(Y,Z)/V
−◦C−−−→ cobd,〈k+1〉(X,Z)/(V ◦W ′)
is an equivalence.
We may assume that V has length at least a/2. By the special form of Y =
X ∪M W , applying B induces a homeomorphism
B : cobd,〈k+1〉(Y, Z)/V
'−→ cobd,〈k+1〉(X,Z)/(V ◦W ).
The triangle
cobd,〈k+1〉(Y,Z)/V
−◦B([0,a]×Y )
//
−◦([0,a]×Y )
++
cobd,〈k+1〉(X,Z)/(V ◦W ′)
cobd,〈k+1〉(Y, Z)/(V ◦ (N × [0, a])
B∼=
OO
is commutative by property (iv) of the map B. As [0, a] × Y is a weak unit, the
diagonal map is an equivalence, from which we conclude that the horizontal map
is an equivalence as well.
This finishes the construction of the cocartesian lifts. It follows that our functor
∂1 is a cocartesian fibration, and also a cartesian fibration, because cobd,〈k〉 ∼=
cobopd,〈k〉 by reflecting everything in the last coordinate. 
Tangential structures. Our proof of Theorem 4.1 also has a generalization to
cobordism categories with tangential structures. We give the relevant definitions
and results and show how to modify the proof. Recall from [6] that a 〈k〉-space is
a P(k)-shaped diagram of spaces, and a 〈k〉-vector bundle is P(k)-shaped diagram
of vector bundles and fiberwise linear maps.
Definition 4.5. A collar on a 〈k〉-vector bundle ξ is a collection of bundle maps
(isomorphisms in each fiber)
cAB : ε
B−A ⊕ ξ(A)→ ξ(B), A ⊂ B ⊂ k
such that
(i) each cAB extends the structure map ξ(A)→ ξ(B), and
(ii) for any A ⊂ B ⊂ C ⊂ k, the following triangle commutes:
εC−A ⊕ ξ(A) idεC−B ⊕cAB //
cAC
))
εC−B ⊕ ξ(B)
cBC

ξ(C).
A 〈k〉-bundle map f : ξ → η between collared 〈k〉-bundles is called collared if for
each A ⊂ B ⊂ k, the resulting square commutes:
εB−A ⊕ ξ(A) //
id⊕f(A)

ξ(B)
f(B)

εB−A ⊕ η(A) // η(B).
The category of collared 〈k〉-vector bundles and collared maps is denoted by 〈k〉-Buncol.
The rank of a collared 〈k〉-vector bundle ξ is defined to be the rank of the ordinary
vector bundle ξ(k).
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Example 4.6. (i) The tangent bundle of a neatly embedded 〈k〉-manifold M ⊂
Rn〈k〉.
(ii) For a vector bundle ξ over X, there is a canonical extension to a collared
〈k〉-vector bundle such that ξ(k) ∼= ξ. The bundle ξ(A) is universally
characterized by requiring a bijection
map(η, ξ(A)) ∼= map(η ⊕ εk−A, ξ)
which is natural in the vector bundle η.
Now let θ be a collared 〈k〉-vector bundle of rank d. We define cobθ, the θ-
cobordism category of 〈k〉-manifolds as follows, for simplicity only in simplicial
degree 0: A morphism is a morphism W of cobd,〈k〉 together with a collared bundle
map lW : TW → θ. An object is an object M of cobd,〈k〉 together with a collared
bundle map lM : ε⊕TM → θ. The source/target of (W, lW ) is (∂±W, l∂±W ), where
we identify the tangent bundle of an interval with the trivial bundle ε by sending
∂/∂x to 1.
For a (collared) 〈k + 1〉-vector bundle θ, we define:
(i) ∂1θ as the first face, viewed as a (collared) 〈k〉-bundle – that is, restriction
along the embedding
j1 : P(k) ⊂ P(k + 1), A 7→ A+ 1.
(ii) i∗1θ to be the (collared) 〈k〉-vector bundle where the first face is omitted –
that is, restriction of the diagram along the embedding
i1 : P(k)→ P(k + 1), A 7→ A+ 1 ∪ {1}.
Note that the dimension of θ (that is, the dimension of the bundle at the terminal
object), does not change under i∗1, but drops under ∂1 by one.
Theorem 4.7. For any collared 〈k〉-bundle, the square
cobi∗1θ
i1
//

cobθ
∂1

cob∅ // cob∂1θ
realizes to a homotopy pull-back square. Since Bcob∅ is contractible, we obtain a
fibration sequence
Bcobi∗1θ
i1−→ Bcobθ ∂1−→ Bcob∂1θ.
The proof is a modification of the proof of Theorem 4.1. Let us show how put
a θ-structure on the ∂-cocartesian morphism C constructed above from the datum
of W and X, provided that W comes equipped with a ∂1θ-structure, and X with a
θ-structure. To this end, we first note:
Remark 4.8. There are compatible 1-to-1 correspondences:
(i) Between collared 〈k + 1〉-bundles ξ, and maps of collared 〈k〉-bundles of
the form ε⊕ ξ′ → ξ′′, and
(ii) Between collared 〈k + 1〉-maps f : ξ → η and commutative squares of
collared 〈k〉-bundle maps
ε⊕ ξ′
id⊕f ′

// ξ′′
f ′′

ε⊕ η′ // η′′
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In technical, and more precise terms, the Remark states that the category 〈k +
1〉-Buncol is isomorphic to the category (ε⊕−)/〈k〉-Buncol.
Proof. Viewing the cube P(k + 1) as a product P(k)× [1], a 〈k + 1〉-bundle ξ may
be viewed as a map of 〈k〉-bundle ∂1ξ → i∗1ξ. Now we observe that a collar c on ξ
determines and is determined by a compatible collection of maps
cA−{i},A : ε⊕ ξ(A− {i})→ ξ(A)
for i ∈ A ⊂ k. Such a collection may be viewed, in turn, as the datum of a collar
both on ∂1ξ and on i
∗
1ξ, and a map
ε⊕ ∂1ξ → i∗1ξ
of collared 〈k〉-bundles. From this description it is clear that a map f : ξ → η is
collared if and only if the maps ∂1f and i
∗
1f are collared, and the above square
commutes. 
Let us call x and y the first two coordinates of Rk+2+ within 〈∞+d〉k + 2. Then,
using Remark 4.8, the compatible tangential structures on X and W amount to
the datum of two collared 〈k〉-bundle maps
l′X : 〈∂/∂x〉 ⊕ i∗1TX → i∗1θ, lW : TW → ∂1θ,
such that the following diagram commutes:
〈∂/∂x〉 ⊕ i∗1TX
l′X
// i∗1θ
〈∂/∂x, ∂/∂y〉 ⊕ TM //
OO
〈∂/∂y〉 ⊕ TW id⊕lW// ε⊕ ∂1θ.
OO
Also, to endow C := B([0, a] × Y ) (notation from above) with a θ-structure
compatible with the given structures on X and W , it is enough to construct a
collared bundle map l′C : i
∗
1TC → i∗1θ, extending l′X and such that the following
square is commutative:
i∗1TC
l′C
// i∗1θ
〈∂/∂y〉 ⊕ TW
OO
id⊕lW
// ε⊕ ∂1θ.
OO
We form the push-out
ξ := 〈∂/∂x〉 ⊕ i∗1TX ∪ 〈∂/∂y〉 ⊕ TW
(union of sub-bundles of TR∞+d〈k+2〉), which is a collared 〈k〉-bundle over the 〈k〉-space
i∗1(X) ∪W , and comes with a collared 〈k〉-map L : ξ → i∗1θ. Using this, we would
like to define a i∗1θ-structure on Y = B
−1(X ∪W ) by precomposing L with the
derivative of B. This does not make sense however, as the derivative of the smooth
map B away from p0 = (0, 0) and p1 = (0, a) does not extend to a bundle map on
all of TR2〈2〉. (Indeed DB is the identity on the positive x-axis and on 0 × (a,∞),
but rotation by pi/2 on 0× (0, a).)
To rectify this, choose ε > 0 so small that both W and X are ε-neatly embedded
at the non-smooth points of B, and that the ε-neighborhoods around p1 and p2 in
R2〈2〉 are contained in the region where B is specified by property (iii) above. Then
choose a continuous map
R2〈2〉 → R2〈2〉 − {p0, p1}, p 7→ p˜
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which is the identity except in the ε-neighborhoods of p0 and p1, and define a map
of ordinary vector bundles
D˜B : TR2〈2〉 → TR2〈2〉, (p, v) 7→ (B(p), Dp˜(v)).
Then
D˜B := D˜B× id : TR∞+d〈k+2〉 → TR∞+d〈k+2〉
is a collared 〈k〉-bundle map (after forgetting the faces given by the equations x = 0
and y = 0) and restricts to a collared 〈k〉-bundle map
D˜B : 〈∂/∂x〉 ⊕ i∗1TY → ξ.
Then, we define l′C as the composite of the following collared 〈k〉-bundle maps:
i∗1TC
D˜B−1−−−−→ i∗1T ([a, b]× Y ) proj−−→ 〈∂/∂x〉 ⊕ i∗1TY D˜B−−→ ξ L−→ i∗1θ.
This finishes the construction of the θ-structure on C. Applying (B, D˜B) induces
a homeomorphism
B : cobεθ(Y,Z)/V → cobεθ(X,Z)/(V ◦W )
where the addition upper index ε indicates that we only consider those morphisms
that are ε-neatly embedded at the non-smooth points of Φ – this change does not
affect the homotopy type, provided ε is small enough. Then, the argument continues
as above.
5. The Bo¨kstedt–Madsen delooping
Bo¨kstedt–Madsen [2] showed that a j-fold, nonconnective delooping of Bcobd
can be obtained as the classifying space of the (j + 1)-tuple cobordism category
cobj+1d . By definition, a j-tuple category is defined iteratively as a (not necessarily
unital) category object in the category of (j − 1)-tuple categories. Since the nerve
of a category object is a semi-simplicial object, a j-tuple category comes with a
j-fold multinerve, which is a j-fold semi-simplicial space.
The multinerve is a full embedding of categories so, equivalently, a j-tuple cat-
egory may be seen as a j-fold semi-simplicial set C•,...,• such that each “slice”
obtained by evaluating C at (j − 1) numbers at arbitrary places, the resulting sim-
plicial object is (the nerve of) a category. Taking classifying space in each simplicial
direction defines a space BjC, the classifying space of the j-tuple category C.
The d-dimensional j-tuple cobordism category of 〈k〉-manifolds cobjd,〈k〉 is defined
as follows: Let ~p = (p1, . . . , pj), ~p ≤ ~1, and denote by ` the number of 0-entries of
~p. An element of (cobjd)~p is defined to be a collection of real numbers a1, . . . , aj ,
such that for all n ∈ {1, . . . , j} we have
an = 0 (pn = 0), an > 0 (pn = 1),
together with a subset
M ⊂ R∞+d−j〈k〉 ×
j∏
n=0
[0, an]
which is a neatly embedded compact (d− `)-dimensional submanifold. Source and
target map, in the n-th direction, are given by restricting to 0 and an, respectively,
in the n-th coordinate of the product, and by setting the value of an to be 0.
Composition in the n-th direction is given by stacking in the n-th coordinate and
adding the n-th real numbers.
Again, instead of defining a topology, we view this as the set of 0-simplices of
a simplicial object in j-tuple categories, and geometrically realize this simplicial
object. The details are just as above.
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Theorem 5.1. For j ≥ 2, there is a canonical a weak equivalence
Bj−1cobj−1d,〈k〉 ' ΩBjcobjd,〈k〉.
The analogous statement holds for the the obvious generalization of cobd,〈k〉
incorporating θ-structures, where θ is a d-dimensional framed 〈k〉-vector bundle.
Details are left to the reader.
Theorem 5.1 follows by combining three Lemmas which we are about to state.
We abbreviate by cobj the j-fold cobordism category of 〈k〉-manifolds in dimension
d. Denote by Bicobj the geometric realization of cobj in the first i semi-simplicial
directions. It is a (j − i)-fold semi-simplicial space. Then, we have:
Lemma 5.2. For j ≥ 1, the semi-simplicial space Bj−1cobj is a weakly unital
semi-Segal space. If j ≥ 2, it is a groupoid, i.e., every 1-simplex is an equivalence.
For a semi-Segal space C and some object c ∈ C0, we may define the endomor-
phism space EndC(c) of c as the homotopy fiber of
(d1, d0) : C1 → C0 × C0
over (c, c).
Lemma 5.3. If C is a weakly unital semi-Segal groupoid, then for any c ∈ C0 the
canonical map
EndC(c)→ ΩcBC
is an equivalence.
Note that the Lemma is wrong without the hypothesis of weak unitality, as the
example a space viewed as a discrete category groupoid shows. Finally, we have:
Lemma 5.4. For j ≥ 2, the canonical map
Bj−1cobj−1 → EndBj−1cobj (∅)
is an equivalence.
The remainder of this section is devoted to the proof of the three Lemmas. It
will be convenient to use the notion of a local fibration P : C → D between j-tuple
categories. It is defined inductively on j as follows: For j = 1, this is a local
fibration between categories in the sense defined in section 2. For j > 1, P defined
to be a local fibration if the maps
P : C0,• → D0,•,
(P, d1, d0) : C1,• → D1,• ×D0,•×D0,• (C0,• × C0,•)
are local fibrations of (j − 1)-tuple categories. A j-tuple category is locally fibrant
if the projection to the terminal object is a local fibration.
Lemma 5.5. (i) A local fibration is a level fibration.
(ii) P is a local fibration if and only if for each ~p ≤ ~1 = (1, . . . , 1) ∈ ∆jinj, the
canonical map
C~p → D~p ×
lim
~q→~p
~q 6=~p
D~q
lim
~q→~p
~q 6=~p
C~q
is a fibration. In particular, the notion of local fibration does not depend
on the ordering of indices.
(iii) Suppose that C is a locally fibrant j-tuple category. On each C~p, the first
and the last differentials in each of the simplicial directions are fibrations.
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Proof. (i) is an easy induction on j. Let us prove (ii), which is also an induction on
j. The case j = 1 is true by definition. For j > 1, we write ~p = (i,~k) where either
i = 0 or i = 1. Then by induction hypothesis, C0,• → D0,• is a local fibration if and
only if for each ~k ≤ ~1, the map
C0,~k → D0,~k ×
lim~`D0,~`
lim
~`
C0,~` = D~p ×
lim~q D~q
lim
~q
C~q
is a fibration. (For notational brevity we omit here and in the following the speci-
fication of the indices ~` and ~q, which is just as above.) On the other hand the map
(P, d1, d0) is a local fibration if and only if for each ~k ≤ ~1, the map
C1,~k →
(D1,~k ×
(D
0,~k
×D
0,~k
)
(C0,~k × C0,~k)
) ×
lim~`
(
D
1,~`
×
(D
0,~`
×D
0,~`
)
(C
0,~`
×C
0,~`
)
) lim
~`
C1,~`
is a fibration. Let us write the right factor as lim(D1,~` ×D1,~` C1,~`), distribute the
limit over the fiber product, and switch the ordering in which the fiber products
are taken. Then the target takes the form
D1,~k ×(
(D
0,~k
×D
0,~k
) ×
lim~`(D0,~`×D0,~`)
lim~`D1,~`
) ((C0,~k × C0,~k) ×
lim~`(C0,~`×C0,~`)
lim
~`
C1,~`
)
and this is equivalent to
D~p ×
lim~q D~q
lim
~q
C~q.
Therefore P is a local fibration if and only if the required map is a fibration, for
both choices of i and all choices of ~k ≤ ~1, that is, for all choices of ~q ≤ ~1.
To see (iii), we remark from (i) that both maps d0 and d1 are level fibrations; a
priori only in the first direction, but then also in each other direction by part (ii).
But any of the maps from the statement is obtained from one of these maps by
pull-back. 
Lemma 5.6. The j-fold category cobj is locally fibrant.
Proof. The map
cobj~1 → lim
~q→~1
~q 6=~1
cobj~q
is a fibration; for j = 1 this is the fact that the (1-tuple) cobordism category is
locally fibrant, but the argument from section 4, using Theorem A.1, generalizes to
the case of general j.
Note that for ~p ≤ ~1 we have in isomorphism cobj~p ∼= cobj−i~1 , with i the number
of 0’s in ~p. Therefore the criterion (ii) from Lemma 5.5 applies. 
Proof of Lemma 5.2. The claim for j = 1 follows from local fibrancy and the fact
that the category cob1 is weakly unital. So assume j ≥ 2. For any ~q ∈ ∆j−2inj , the
face maps
d0, d1 : cob
j
•,1,~q → cobj•,0,~q
are level fibrations, by local fibrancy of cobj . We claim:
(0) These face maps d0 and d1 are cartesian and cocartesian fibrations.
Indeed, a cobordism between 〈k〉-manifolds may be viewed as a 〈k+ 2〉-manifold
whose last two faces do not meet, by identifying R∞+d−1〈k〉 × [0, 1] with R∞+d〈k+2〉 −
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∂k+2∂k+1R∞+d〈k+2〉. (If a tangential structure is present, this also involves the con-
struction of a suitable collared 〈k+ 2〉-bundle on the 〈k+ 2〉-manifold, by means of
Remark 4.8). It follows that we have a homotopy pull-back square
(5.7) cobj•,1,~q
d0/1

// (cobj−1d,〈k+2〉)•,~q
∂k+1/k+2

cobj•,0,~q
ik+2/k+1
// (cobj−1d,〈k+1〉)•,~q
and the right vertical map is a cartesian and cocartesian fibration — if ~q = 0 this is
Lemma 4.4, and the proof carries over verbatim to the general case. By Corollary
3.10 the left map is then also a cartesian and cocartesian fibration.
As consequences of (0), we have for any ~q ∈ ∆j−2inj and (provided j > 2) for any
~p ∈ ∆j−3inj :
(1) B1cobj•,~p is a weakly unital semi-Segal groupoid.
For we have
B1cobjn+1,~q ' B(cobj•,n,~q ×cobj•,0,~q cob
j
•,1,~q)
and from the Local-to-global principle, Theorem 2.11, we conclude that this is
equivalent to
B1cobjn,~q ×hB1cobj
0,~q
B1cobj1,~q
so we conclude inductively on n that the Segal condition holds.
(2) The 0-skeleton inclusion cobj0,•,~q → B1cobj•,~q sends weak units to weak units.
Indeed, let f ∈ cobj0,1,~q be a weak unit of some object x. Since any two weak
units on the same object are homotopic, we may assume that f is a cylinder on x.
To show that f is cartesian, we need to show that the map
d1 : (B
1cobj2,~q)/f → (B1cobj1,~q)/x
is an equivalence. But this map is equivalent to
B1cobj2,~q ×hB1cobj
1,~q
B(N•(0,∞)× {f})→ B1cobj1,~q ×hB1cobj
0,~q
B(N•(0,∞)× {x})
where the maps
N•(0,∞)× {f} → cobj1,~q, N•(0,∞)× {x} → cobj0,~q
embed cylinders of f and x, respectively. By the Local-to-global principle, this
latter map is equivalent to the geometric realization of the map
cobj•,2,~q ×hcobj•,1,~q (N•(0,∞)× {f})→ cob
j
•,1,~q ×hcobj•,0,~q (N•(0,∞)× {x}).
Finally, this latter map is a level equivalence, because (0,∞) is contractible, and
any cylinder on f or x (in the first direction) is again a cylinder (in the second
direction), and therefore a weak unit. The dual argument shows that f is also
cocartesian, and therefore an equivalence, and therefore a weak unit.
(3) B1cobj•,~q is a weakly unital groupoid.
In fact, the 0-skeleton inclusion is pi0-surjective, so the weak unitality follows from
(2). For the groupoid claim, it suffices to show that any morphism in the domain
is mapped to an equivalence in the target. So let f be a cobordism, and f ′ its
reverse cobordism (obtained by flipping the cobordism axis). Then the composite
cobordisms f ′f and ff ′ are cobordant to cylinders, so define the pi0-class of cylinders
in the target, and therefore are equivalences in the target by (2). By the two-out-
of-six property of equivalences, it follows that f is an equivalence in the target.
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(4) The face maps d0/1 : B
1cobj•,1,~p → B1cobj•,0,~p are cartesian and cocartesian
fibrations.
Indeed, in view of (3), any morphism is cartesian and cocartesian, so it suffices
to show that morphisms can be lifted at all, i.e., the two maps
B1cobj1,1,~p → B1cobj1,0,~p ×hB1cobj
0,0,~p
B1cobj0,1,~p
are surjective on pi0. But again by the Local-to-global principle, these are equivalent
to the realizations of maps
cobj•,1,1,~p → cobj•,1,0,~p ×hcobj•,0,0,~p cob
j
•,0,1,~p.
Thus, pi0-surjectivity on the geometric realizations follows from pi0-surjectivity on
the level of 0-simplices. But this follows from the fact that the face maps
d0/1 : cob
j
0,•,1,~p → cobj0,•,0,~p
are cartesian-cocartesian fibrations, by (0).
This concludes the proof of (4). Now, replacing statement (0) by (4), the above
arguments may be iterated for the geometric realizations in more than one direction.
After j − 1 many steps, we arrive at the statement of the Lemma. 
Proof of Lemma 5.4. For each 0 ≤ i < j and each (j − i − 1)-multi-index ~p, there
is a more or less canonical map
Bicobj−1~p → Bicobj1,~p
induced by the inclusion of one R-coordinate into [0, 1]. Its composition with d0/1
takes values in the contractible semi-simplicial subspace Bicobj0,~p on configurations
involving only the empty set, and therefore defines a map
Bicobj−1~p → EndBicobj−1
~p
(∅).
We claim that this map is an equivalence, for each i and ~p.
First, a nullbordism of 〈k〉-manifolds may be viewed as a 〈k + 1〉-manifold, by
forgetting one length coordinate. It follows that there is a commutative square
(Bicobj−1d,〈k+1〉)~p

// (Bicobj)1,~p
d1

Bi(N•(0,∞)j−1)~p ∅ // (Bicobj)0,~p
where the lower horizontal map includes cylinders at the empty set. It is a level-wise
homotopy pull-back for i = 0, by local fibrancy of cobj .
Let us know view this as a diagram of semi-simplicial spaces in the first entry
of ~p. It was shown in the proof of Lemma 5.2 that for any i ≥ 0, the right vertical
map is a cartesian and cocartesian fibration between weakly unital semi-Segal spaces
(groupoids, for i > 0). Therefore, applying the Local-to-global principle repeatedly,
it follows that the square is a homotopy pull-back for any i ≤ j−1. Since the lower
left corner is contractible, we obtain a fibration sequence
(5.8) (Bicobj−1d,〈k+1〉)~p → (Bicobj)1,~p
d0−→ Bicobj0,~p
Next, there is a commutative square
(Bicobj−1)~p //

(Bicobj−1d,〈k+1〉)~p
∂k+1

Bi(N•(0,∞)i−1)~p ∅ // (Bicobj−1)~p
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It is also a homotopy pull-back for i = 0.
Let us again view this as a diagram of waekly unital semi-Segal spaces (groupoids,
if i > 0) in the first entry of ~p. The right vertical map is a cartesian and cocartesian
fibration for i = 0. Continuing to argue iteratively as in the proof of Lemma 5.2,
it follows that for i ≤ j − 1, the right vertical map continues to be a cartesian
and cocartesian fibration, and the diagram continues to be a homotopy pull-back.
Therefore we obtain a fibration sequence
(5.9) (Bicobj−1)~p → (Bicobj−1d,〈k+1〉)~p
∂k+1−−−→ (Bicobj)0,~p
Since the diagram
(Bicobj−1d,〈k+1〉)~p //
∂k+1
&&
Bicobj1,~p
d1
zz
Bicobj0,~p
commutes, we conclude from (5.8) and (5.9) the existence of the desired fibration
sequence
Bicobj−1~p → Bicobj1,~p
(d0,d1)−−−−→ Bicobj0,~p ×Bicobj0,~p. 
It remains to give the
Proof of Lemma 5.3. We may assume that C is Reedy fibrant. We denote by c o C
the pull-back semi-simplicial space
c o C //

C1+•
f

{c} // C0
where f is the first-vertex map. The canonical projection c o C → C, induced by
d0 on C1+•, comes with a canonical semi-simplicial nullhomotopy (c o C)n → Cn+1,
induced by the identity on C1+•. Then, following the proof of [12, 3.1], we see that
EndC(c) ' ΩcBC ×B(c o C)
and it remains to show that the second factor is contractible.
Since C is weakly unital, there is a cocartesian edge f ∈ C1 starting at c. Define
f o C as the pull-back
f o C //

C2+•
f

{f} // C1
where f takes the first 1-simplex. The canonical projection f o C → c o C, induced by
d1, comes with a canonical semi-simplicial nullhomotopy, induced by the identity
on C2+n. On the other hand, it is also an equivalence in semi-simplicial level 0, in
view of the fact that f is cocartesian; and it follows from the Segal condition that
it is an equivalence in each semi-simplicial degree. Therefore, the induced map on
classifying spaces is both nullhomotopic and an equivalence. 
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Appendix A. Isotopy extension on 〈k〉-manifolds
Recall that an n-dimensional (smooth) manifold is a second countable paracom-
pact topological space equipped with an atlas of local homeomorphisms to open
subsets of Rn+ = [0,∞)n, such that the change of charts is smooth. (This means
that our definition of manifold allows corners.) A submanifold of M is a subset
N ⊂M which, locally in a suitable chart, looks like Rm+ × {1} ⊂ Rn+.
All manifolds in this appendix will be smooth. One major example of a manifold
with corners is Rn〈k〉 := R
n−k×Rk+. We note that this comes with the extra structure
of a (k+1)-ad in the sense of Wall: That is, its boundary (as a topological manifold)
is partitioned into the k many subspaces
∂iRn〈k〉 := {x ∈ Rn〈k〉 | xn−k+i = 0} (i ∈ {1, . . . , k}).
(This (k + 1)-ad structure is compatible with the manifold structure in a suitable
way, giving Rn〈k〉 the structure of a 〈k〉-manifold, see [7] or [6]). We denote as usual,
for A ⊂ k = {1, . . . , k}, the value of the (k + 1)-ad Rn〈k〉 at A, given by
Rn〈k〉(A) :=
⋂
i/∈A
∂iRn〈k〉 = {x ∈ Rn〈k〉 | ∀i/∈Axn−k+i = 0}.
For A ⊂ B ⊂ k, we identify Rn〈k〉(B) with Rn〈k〉(A) × [0,∞)B−A by writing the
coordinates xn−k+i, i ∈ B \ A, into the second factor. With this identification, we
have canonical collar embeddings
cAB : Rn〈k〉(A)× [0, ε)B−A → Rn〈k〉(B),
for A ⊂ B ⊂ k, and any ε > 0.
The only manifolds that we will consider are submanifolds M ⊂ Rn〈k〉. These
inherit the structure of a (k + 1)-ad by means of
M(A) := M ∩ Rn〈k〉(A).
(In fact, they inherit the structure of a 〈k〉-manifolds; conversely any 〈k〉-manifold
is isomorphic, as manifold and as (k + 1)-ad, to a submanifold M ⊂ Rn〈k〉.)
Furthermore we will restrict our attention to submanifolds which are neat : For
all A ⊂ B ⊂ k, we require that there is an ε > 0 such that
M(B) ∩ (Rn〈k〉(A)× [0, ε)B−A) = M(A)× [0, ε)B−A.
If we want to specify the value of ε, we also speak of an ε-neat submanifold. An
ε-neat smooth submanifold M ⊂ Rn〈k〉 inherits extra structure of collar embeddings
cAB : M(A)× [0, ε)B−A →M(B),
by restricting the collar embeddings on Rn〈k〉. These are compatible in the sense
that for each A ⊂ B ⊂ C ⊂ k, the following triangle is commutative:
M(A)× [0, ε)C−A
cAB×id[0,ε)C−B
//
cAC
**
M(B)× [0, ε)C−B
cBC

M(C)
Let M,N ⊂ Rn〈k〉 be ε-neat submanifolds. By definition, an ε-neat embedding,
resp. ε-neat diffeomorphism e : M → N is a map which is both an allowable map of
(k+ 1)-ads (that is, for all A ⊂ k, we have e−1(N(A)) = M(A)) and an embedding
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(resp. diffeomorphism) of manifolds, which is cylindrical at the collars in the sense
that for each A ⊂ B ⊂ k, the following square commutes:
M(A)× [0, ε)B−A cAB //
e×id

M(B)
e

N(A)× [0, ε)B−A cAB // N(B)
We will now study family versions of isotopy extension theorems for neat sub-
manifolds of Rn〈k〉. To this end, we let
Embε(M,Rn〈k〉) and Aut
ε(M)
denote the spaces of ε-neat embeddings M → Rn〈k〉 and ε-neat automorphisms
M →M , equipped with the strong Cr-topology [3, I.4.3], r ≥ 1. We then define
Emb(M,Rn〈k〉) = colimε Emb
ε(M,Rn〈k〉) and Aut(M) = colimε Aut
ε(M)
equipped with the colimit topology.
We are interested in restricting an embedding M → Rn〈k〉 to an embedding
M(A) → Rn〈k〉(A) for A ⊂ k, or to an embedding ∂M → ∂Rn〈k〉. As ∂M =
∪A(kM(A), we define
Embε(∂M, ∂Rn〈k〉) := lim
A(k
Embε(M(A),Rn〈k〉(A)),
and, more generally, for a subcomplex X ⊂ ∆k (that is, a non-empty subset X ⊂
P(k) which is closed under taking subsets),
Embε(M(X),Rn〈k〉(X)) := lim
A∈X
Embε(M(A),Rn〈k〉(A)).
Note that
Embε(M(A),Rn〈k〉(A)) ∼= Embε(M(σA),Rn〈k〉(σA)
with σA := {B ⊂ k | B ⊂ A} the simplex spanned by A, so the first case is also
included in this notation. Again we let
Emb(M(X),Rn〈k〉(X)) := colimε Emb
ε(M(X),Rn〈k〉(X)),
Aut(M(X)) := colim
ε
Autε(M(X)).
Theorem A.1. Let M ⊂ Rn〈k〉 be a compact neat submanifold. Let further Y ⊂
X ⊂ ∆k be subcomplexes. In the square formed by restriction maps
Aut(Rn〈k〉(X)) //

Emb(M(X),Rn〈k〉(X))

Aut(Rn〈k〉(Y )) // Emb(M(Y ),R
n
〈k〉(Y ))
all maps are Serre fibrations, as well as the map from the left corner to the pull-back
of the remaining diagram.
Proof. Step 1. We show that the left vertical map admits a local section
s : Aut(Rn〈k〉(Y )) ⊃ U → Aut(Rn〈k〉(X))
on an open neighborhood U of the neutral element, so that the map under consid-
eration is locally trivial. We first construct, for any i ∈ k, a local section of the
map Aut(Rn〈k〉)→ Aut(∂iRn〈k〉).
Choose some smooth map
α : [0,∞)→ [0, 1]
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which is identically 0 near 0 and identically 1 on [1,∞), and consider the map
sˆi : Aut(∂iRn〈k〉)→ Cr(Rn〈k〉,Rn〈k〉)
defined by
sˆi(φ)(x, t) := α(t) · x+ (1− α(t)) · φ(x)
where we identify Rn〈k〉 with ∂iR
n
〈k〉× [0,∞). Since Aut(Rn〈k〉) is open in the space of
all neat and allowable Cr-selfmaps of Rn〈k〉 (this follows from [3, I.1.4.2]), the map
sˆi restricts to a local section si as required.
Now we show that the map α : Aut(Rn〈k〉)→ Aut(∂Rn〈k〉) also has a local section.
To this end, we note that if x is a fixed point of φ ∈ Aut(∂iRn〈k〉), then so is it a
fixed point of sˆi(φ). Therefore, if we locally define maps
σi : Aut(∂Rn〈k〉) ⊃ Ui → Aut(Rn〈k〉), i ∈ k,
iteratively by
σ1 := s1, σi+1(φ) := σi(φ) · si+1(σi(φ)−1 · φ),
then we iteratively see that σi(φ) restricts to φ over the first i faces, so that σk
defines a local section as required.
Since, for any A ⊂ k, we have Rn〈k〉(A) = Rn−k+|A|〈|A|〉 , the above shows that
the restriction map Aut(Rn〈k〉(A)) = Aut(R
n
〈k〉(σA)) → Aut(Rn〈k〉(∂σA) has a local
section for all ∅ 6= A ⊂ k. But now, in the general case, the inclusion X → Y
may be factored into inclusions each of which fills in precisely one simplex, and
therefore has a local section. Composing these local sections defines a local section
s as required in the general case.
Step 2. We show that the map from the left upper corner to the pull-back of
the remaining diagram admits a local section. As in step 1, one reduces to the case
where X is the simplex spanned by k, and Y its boundary; so we need to show that
the map
Aut(Rn〈k〉)→ Emb(M,Rn〈k〉)×Emb(∂M,∂Rn〈k〉) Aut(∂Rn〈k〉)
has a local section. Using the local section from step 1, one reduces to showing that
the restriction map
Aut(Rn〈k〉; ∂)→ Emb(M,Rn〈k〉; ∂)
on diffeomorphism group and embedding space relative boundary has a local sec-
tion. As the behaviour near the boundary is standard, we can smooth corners out.
But then the argument from [8] guarantees the existence of a local section.
Step 3. Taking Y = ∅ in Step 2, we conclude that the upper (hence also the
lower) horizontal map is a Serre fibration; as well as the diagonal map. But then
it easily follows that the right vertical map is also a Serre fibration. 
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